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Exercise 2

Determine the nature of the following equations and reduce them to canonical form:

(a) x2uxx + 4xyuxy + y2uyy = 0

(b) uxx − xuyy = 0

(c) uxx − 2uxy + 3uyy + 24uy + 5u = 0

(d) uxx + sech4 xuyy = 0

(e) uxx + 6yuxy + 9y2uyy + 4u = 0

(f) uxx − sech4 xuyy = 0

(g) uxx + 2 csc yuxy + csc2 yuyy = 0

(h) uxx − 5uxy + 5uyy = 0

Solution

Part (a)

x2uxx + 4xyuxy + y2uyy = 0

Comparing this equation with the general form of a second-order PDE, Auxx+Buxy +Cuyy +
Dux + Euy + Fu = G, we see that A = x2, B = 4xy, C = y2, D = 0, E = 0, F = 0, and G = 0.
The characteristic equations of this PDE are given by

dy

dx
=

1

2A

(
B ±

√
B2 − 4AC

)
dy

dx
=

1

2x2

(
4xy ±

√
16x2y2 − 4x2y2

)
dy

dx
=

1

2x2

(
4xy ± 2xy

√
3
)

dy

dx
=
y

x

(
2±
√
3
)
.

Note that the discriminant, B2 − 4AC = 12x2y2, is greater than 0 for all x and y, which means
that the PDE is hyperbolic. The solutions to the ordinary differential equations are therefore two
distinct families of real characteristic curves in the xy-plane. Separating variables and integrating
the equations, we find that

ln |y| =
(
2±
√
3
)
ln |x|+ C0.

Exponentiating both sides gives us the characteristic curves:

y(x) = A0|x|(2±
√
3).

Solving for the constant of integration (or any convenient multiple thereof),

Working with 2−
√
3: C0 = ln |y| −

(
2−
√
3
)
ln |x| = φ(x, y)

Working with 2 +
√
3: C0 = ln |y| −

(
2 +
√
3
)
ln |x| = ψ(x, y).
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Now we make the change of variables, ξ = φ(x, y) = ln |y| −
(
2−
√
3
)
ln |x| and η = ψ(x, y) =

ln |y| −
(
2 +
√
3
)
ln |x|, so that the PDE takes the simplest form. With these new variables the

PDE becomes
A∗uξξ +B∗uξη + C∗uηη +D∗uξ + E∗uη + F ∗u = G∗,

where, using the chain rule, (see page 11 of the textbook for details)

A∗ = Aξ2x +Bξxξy + Cξ2y

B∗ = 2Aξxηx +B(ξxηy + ξyηx) + 2Cξyηy

C∗ = Aη2x +Bηxηy + Cη2y

D∗ = Aξxx +Bξxy + Cξyy +Dξx + Eξy

E∗ = Aηxx +Bηxy + Cηyy +Dηx + Eηy

F ∗ = F

G∗ = G.

Plugging in the numbers and derivatives to these formulas, we find that A∗ = 0, B∗ = −12, C∗ = 0,
D∗ = 1−

√
3, E∗ = 1 +

√
3, F ∗ = 0, and G∗ = 0. Thus, the PDE simplifies to

−12uξη +
(
1−
√
3
)
uξ +

(
1 +
√
3
)
uη = 0.

Solving for uξη gives

uξη =
1

12

[(
1−
√
3
)
uξ +

(
1 +
√
3
)
uη

]
.

This is the first canonical form of the hyperbolic PDE. To get the second canonical form, we
have to make the additional change of variables, α = ξ + η and β = ξ − η. The chain rule gives
uξη = uαα − uββ , uξ = uα + uβ, and uη = uα − uβ. The PDE becomes

uαα − uββ =
1

6
(uα −

√
3uβ).

This is the second canonical form of the hyperbolic PDE.
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Part (b)

uxx − xuyy = 0

Comparing this equation with the general form of a second-order PDE, Auxx+Buxy +Cuyy +
Dux + Euy + Fu = G, we see that A = 1, B = 0, C = −x, D = 0, E = 0, F = 0, and G = 0. The
characteristic equations of this PDE are given by

dy

dx
=

1

2A

(
B ±

√
B2 − 4AC

)
dy

dx
=

1

2

(
±
√
4x
)

dy

dx
= ±
√
x.

Note that the discriminant, B2 − 4AC = 4x, can be positive, zero, or negative, depending on
whether x > 0, x = 0, or x < 0, respectively. That is,

The PDE is


hyperbolic if x > 0.

parabolic if x = 0.

elliptic if x < 0.

Let us consider each case individually.

Case I: The PDE is hyperbolic (x > 0)

The solutions to these ordinary differential equations are two distinct families of real character-
istic curves in the xy-plane. Integrating the equations, we find that

y(x) = ±2

3
x3/2 + C0.

Solving for the constant of integration (or any convenient multiple thereof),

Working with −2

3
x3/2: C0 = y +

2

3
x3/2 = φ(x, y)

Working with +
2

3
x3/2: C0 = y − 2

3
x3/2 = ψ(x, y).

Now we make the change of variables, ξ = φ(x, y) = y+ 2
3x

3/2 and η = ψ(x, y) = y− 2
3x

3/2, so that

the PDE takes the simplest form. Solving these two equations for x and y gives x3/2 = 3
4(ξ − η)

and y = 1
2(ξ + η). With these new variables the PDE becomes

A∗uξξ +B∗uξη + C∗uηη +D∗uξ + E∗uη + F ∗u = G∗,
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where, using the chain rule, (see page 11 of the textbook for details)

A∗ = Aξ2x +Bξxξy + Cξ2y

B∗ = 2Aξxηx +B(ξxηy + ξyηx) + 2Cξyηy

C∗ = Aη2x +Bηxηy + Cη2y

D∗ = Aξxx +Bξxy + Cξyy +Dξx + Eξy

E∗ = Aηxx +Bηxy + Cηyy +Dηx + Eηy

F ∗ = F

G∗ = G.

Plugging in the numbers and derivatives to these formulas, we find that A∗ = 0, B∗ = −4x,
C∗ = 0, D∗ = 1

2
√
x
, E∗ = − 1

2
√
x
, F ∗ = 0, and G∗ = 0. Thus, the PDE simplifies to

−4xuξη +
1

2
√
x
uξ −

1

2
√
x
uη = 0.

Solving now for uξη gives

uξη =
1

8x3/2
(uξ − uη),

which is

uξη =
1

6(ξ − η)
(uξ − uη).

This is the first canonical form of the hyperbolic PDE. To get the second canonical form, we
have to make the additional change of variables, α = ξ + η and β = ξ − η. The chain rule gives
uξη = uαα − uββ , uξ = uα + uβ, and uη = uα − uβ. Changing variables gives us

uαα − uββ =
1

3β
uβ.

This is the second canonical form of the hyperbolic PDE.

Case II: The PDE is parabolic (x = 0)

Substituting x = 0 into the PDE reduces it immediately to the canonical form of a parabolic
equation, uxx = 0. The characteristic equations reduce to

dy

dx
= 0.

The characteristic curves in the xy-plane are lines parallel to the x-axis, y(x) = C0, where C0 is an
arbitrary constant.

Case III: The PDE is elliptic (x < 0)

The characteristic equations have no real solutions for x < 0. This means that the two distinct
families of characteristic curves lie in the complex plane. Integrating the characteristic equations,
we find that

dy

dx
= ±i

√
x
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y(x) = ±2i

3
x3/2 + C0.

Solving for the constant of integration, C0 (or any convenient multiple thereof),

Working with −2i

3
x3/2: C0 = y +

2i

3
x3/2 = φ(x, y)

Working with +
2i

3
x3/2: C0 = y − 2i

3
x3/2 = ψ(x, y).

Because ξ = φ(x, y) = y + 2i
3 x

3/2 and η = ψ(x, y) = y − 2i
3 x

3/2 are complex conjugates of one
another, we introduce the new real variables1,

α =
ξ + η

2
= y

β =
ξ − η
2i

=
2

3
(−x)3/2,

which transform the PDE to the canonical form. After changing variables (x, y)→ (α, β), the PDE
becomes

A∗∗uαα +B∗∗uαβ + C∗∗uββ +D∗∗uα + E∗∗uβ + F ∗∗u = G∗∗,

where, using the chain rule,

A∗∗ = Aα2
x +Bαxαy + Cα2

y

B∗∗ = 2Aαxβx +B(αxβy + αyβx) + 2Cαyβy

C∗∗ = Aβ2x +Bβxβy + Cβ2y

D∗∗ = Aαxx +Bαxy + Cαyy +Dαx + Eαy

E∗∗ = Aβxx +Bβxy + Cβyy +Dβx + Eβy

F ∗∗ = F

G∗∗ = G.

Plugging in the numbers and derivatives to these formulas, we find that A∗∗ = −x, B∗∗ = 0,
C∗∗ = −x, D∗∗ = 0, E∗∗ = 1

2
√
−x , F

∗∗ = 0, and G∗∗ = 0. Thus, the PDE simplifies to

−xuαα − xuββ +
1

2
√
−x

uβ = 0

uαα + uββ = − 1

2(−x)3/2
uβ,

which is

uαα + uββ = − 1

3β
uβ.

This is the canonical form of the elliptic PDE.

1Since x < 0, we have to use −x in the change of variables. Otherwise, we will not get the desired canonical form.
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Part (c)

uxx − 2uxy + 3uyy + 24uy + 5u = 0

Comparing this equation with the general form of a second-order PDE, Auxx+Buxy +Cuyy +
Dux+Euy +Fu = G, we see that A = 1, B = −2, C = 3, D = 0, E = 24, F = 5, and G = 0. The
characteristic equations of this PDE are given by

dy

dx
=

1

2A

(
B ±

√
B2 − 4AC

)
dy

dx
=

1

2

(
−2±

√
4− 12

)
dy

dx
=

1

2

(
−2± 2i

√
2
)

dy

dx
= −1± i

√
2.

Note that the discriminant, B2 − 4AC = 4 − 12 = −8, is less than 0, which means that the PDE
is elliptic for all x and y . Therefore, the solutions to the ordinary differential equations are two
distinct families of characteristic curves that lie in the complex plane. Integrating the characteristic
equations, we find that

y(x) =
(
−1± i

√
2
)
x+ C0.

Solving for the constant of integration (or any convenient multiple thereof),

Working with −i
√
2: C0 = y + x+ ix

√
2 = φ(x, y)

Working with +i
√
2: C0 = y + x− ix

√
2 = ψ(x, y).

Since ξ = φ(x, y) = y + x + ix
√
2 and η = ψ(x, y) = y + x − ix

√
2 are complex conjugates of one

another, we introduce the new real variables,

α =
ξ + η

2
= y + x

β =
ξ − η
2i

= x
√
2,

which transform the PDE to the canonical form. After changing variables (x, y)→ (α, β), the PDE
becomes

A∗∗uαα +B∗∗uαβ + C∗∗uββ +D∗∗uα + E∗∗uβ + F ∗∗u = G∗∗,

where, using the chain rule,

A∗∗ = Aα2
x +Bαxαy + Cα2

y

B∗∗ = 2Aαxβx +B(αxβy + αyβx) + 2Cαyβy

C∗∗ = Aβ2x +Bβxβy + Cβ2y

D∗∗ = Aαxx +Bαxy + Cαyy +Dαx + Eαy

E∗∗ = Aβxx +Bβxy + Cβyy +Dβx + Eβy

F ∗∗ = F

G∗∗ = G.
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Plugging in the numbers and derivatives to these equations, we find that A∗∗ = 2, B∗∗ = 0, C∗∗ = 2,
D∗∗ = 24, E∗∗ = 0, F ∗∗ = 5, and G∗∗ = 0. Thus, the PDE simplifies to

2uαα + 2uββ + 24uα + 5u = 0.

Solving for uαα + uββ gives

uαα + uββ = −1

2
(24uα + 5u).

This is the canonical form of the elliptic PDE.
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Part (d)

uxx + sech4 xuyy = 0

Comparing this equation with the general form of a second-order PDE, Auxx+Buxy +Cuyy +
Dux + Euy + Fu = G, we see that A = 1, B = 0, C = sech4 x, D = 0, E = 0, F = 0, and G = 0.
The characteristic equations of this PDE are given by

dy

dx
=

1

2A

(
B ±

√
B2 − 4AC

)
dy

dx
=

1

2

(
±
√
−4 sech4 x

)
dy

dx
= ±i sech2 x.

Note that the discriminant, B2 − 4AC = −4 sech4 x, is less than 0 for all x, which means that
the PDE is elliptic. Therefore, the solutions to the ordinary differential equations are two dis-
tinct families of characteristic curves that lie in the complex plane. Integrating the characteristic
equations, we find that

y(x) = ±i tanhx+ C0

Solving for the constant of integration (or any convenient multiple thereof),

Working with −i tanhx: C0 = y + i tanhx = φ(x, y)

Working with +i tanhx: C0 = y − i tanhx = ψ(x, y).

Since ξ = φ(x, y) = y + i tanhx and η = ψ(x, y) = y − i tanhx are complex conjugates of one
another, we introduce the new real variables,

α =
1

2
(ξ + η) = y

β =
1

2i
(ξ − η) = tanhx,

which transform the PDE to the canonical form. After changing variables (x, y)→ (α, β), the PDE
becomes

A∗∗uαα +B∗∗uαβ + C∗∗uββ +D∗∗uα + E∗∗uβ + F ∗∗u = G∗∗,

where, using the chain rule,

A∗∗ = Aα2
x +Bαxαy + Cα2

y

B∗∗ = 2Aαxβx +B(αxβy + αyβx) + 2Cαyβy

C∗∗ = Aβ2x +Bβxβy + Cβ2y

D∗∗ = Aαxx +Bαxy + Cαyy +Dαx + Eαy

E∗∗ = Aβxx +Bβxy + Cβyy +Dβx + Eβy

F ∗∗ = F

G∗∗ = G.

Plugging in the numbers and derivatives to these formulas, we find that A∗∗ = sech4 x =
(
β2 − 1

)2
,

B∗∗ = 0, C∗∗ = sech4 x =
(
β2 − 1

)2
, D∗∗ = 0, E∗∗ = −2 sech2 x tanhx = 2β

(
β2 − 1

)
, F ∗∗ = 0, and

G∗∗ = 0. Thus, the PDE simplifies to(
β2 − 1

)2
uαα +

(
β2 − 1

)2
uββ + 2β

(
β2 − 1

)
uβ = 0
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uαα + uββ +
2β

β2 − 1
uβ = 0.

Solving for uαα + uββ gives

uαα + uββ =
2β

1− β2
uβ.

This is the canonical form of the elliptic PDE.
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Part (e)

uxx + 6yuxy + 9y2uyy + 4u = 0

Comparing this equation with the general form of a second-order PDE, Auxx+Buxy +Cuyy +
Dux + Euy + Fu = G, we see that A = 1, B = 6y, C = 9y2, D = 0, E = 0, F = 4, and G = 0.
The characteristic equations of this PDE are given by

dy

dx
=

1

2A

(
B ±

√
B2 − 4AC

)
dy

dx
=

1

2

(
6y ±

√
36y2 − 36y2

)
dy

dx
= 3y.

Note that the discriminant, B2 − 4AC = 36y2 − 36y2, is equal to 0 for all y, which means that
the PDE is parabolic. Therefore, there is one family of real characteristic curves in the xy-plane.
Integrating the characteristic equation, we find that

ln |y| = 3x+ C0.

So the characteristic curves are given by

y(x) = A0e
3x.

Solving for the constant of integration (or any convenient multiple thereof),

C0 = ln |y| − 3x = φ(x, y).

Now we make the change of variables, ξ = φ(x, y) = ln |y| − 3x. η can be chosen arbitrarily
so long as the Jacobian of ξ and η is nonzero. We choose η = y for simplicity. With these new
variables the PDE becomes

A∗uξξ +B∗uξη + C∗uηη +D∗uξ + E∗uη + F ∗u = G∗,

where, using the chain rule, (see page 11 of the textbook for details)

A∗ = Aξ2x +Bξxξy + Cξ2y

B∗ = 2Aξxηx +B(ξxηy + ξyηx) + 2Cξyηy

C∗ = Aη2x +Bηxηy + Cη2y

D∗ = Aξxx +Bξxy + Cξyy +Dξx + Eξy

E∗ = Aηxx +Bηxy + Cηyy +Dηx + Eηy

F ∗ = F

G∗ = G.

Plugging in the numbers and derivatives to these formulas, we find that A∗ = 0, B∗ = 0,
C∗ = 9y2 = 9η2, D∗ = −9, E∗ = 0, F ∗ = 4, and G∗ = 0. Thus, the PDE simplifies to

9η2uηη − 9uη + 4u = 0

uηη =
1

9η2
(9uη − 4u).

This is the canonical form of the parabolic PDE.
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Part (f)

uxx − sech4 xuyy = 0

Comparing this equation with the general form of a second-order PDE, Auxx+Buxy +Cuyy +
Dux+Euy +Fu = G, we see that A = 1, B = 0, C = − sech4 x, D = 0, E = 0, F = 0, and G = 0.
The characteristic equations of this PDE are given by

dy

dx
=

1

2A

(
B ±

√
B2 − 4AC

)
dy

dx
=

1

2

(
±
√
4 sech4 x

)
dy

dx
= ± sech2 x.

Note that the discriminant, B2 − 4AC = 4 sech4 x, is greater than 0 for all x, which means that
the PDE is hyperbolic. The two families of characteristic curves, therefore, are distinct and lie in
the xy-plane. Integrating the characteristic equations, we find that

y(x) = ± tanhx+ C0.

Solving for the constant of integration (or any convenient multiple thereof),

Working with − tanhx: C0 = y + tanhx = φ(x, y)

Working with + tanhx: C0 = y − tanhx = ψ(x, y).

Make the change of variables, ξ = φ(x, y) = y + tanhx and η = ψ(x, y) = y − tanhx, so that the
PDE takes the simplest form. Solving these two equations for x and y gives x = tanh−1

[
1
2(ξ − η)

]
and y = 1

2(ξ + η). With these new variables the PDE becomes

A∗uξξ +B∗uξη + C∗uηη +D∗uξ + E∗uη + F ∗u = G∗,

where, using the chain rule, (see page 11 of the textbook for details)

A∗ = Aξ2x +Bξxξy + Cξ2y

B∗ = 2Aξxηx +B(ξxηy + ξyηx) + 2Cξyηy

C∗ = Aη2x +Bηxηy + Cη2y

D∗ = Aξxx +Bξxy + Cξyy +Dξx + Eξy

E∗ = Aηxx +Bηxy + Cηyy +Dηx + Eηy

F ∗ = F

G∗ = G.

Plugging in the numbers and derivatives to these formulas, we find that A∗ = 0, C∗ = 0, F ∗ = 0,
G∗ = 0,

B∗ = −4 sech4 x = −1

4

[
(ξ − η)2 − 4

]2
,

D∗ = −2 sech2 x tanhx =
1

4
(ξ − η)

[
(ξ − η)2 − 4

]
,

E∗ = 2 sech2 x tanhx = −1

4
(ξ − η)

[
(ξ − η)2 − 4

]
.
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Thus, the PDE simplifies to

−1

4

[
(ξ − η)2 − 4

]2
uξη +

1

4
(ξ − η)

[
(ξ − η)2 − 4

]
(uξ − uη) = 0

uξη +
ξ − η

4− (ξ − η)2
(uξ − uη) = 0

uξη =
ξ − η

(ξ − η)2 − 4
(uξ − uη).

This is the first canonical form of the hyperbolic PDE. To get the second canonical form, we
have to make the additional change of variables, α = ξ + η and β = ξ − η. The chain rule gives
uξη = uαα − uββ , uξ = uα + uβ, and uη = uα − uβ. The PDE becomes

uαα − uββ =
2β

β2 − 4
uβ.

This is the second canonical form of the hyperbolic PDE.
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Part (g)

uxx + 2 csc yuxy + csc2 yuyy = 0

Comparing this equation with the general form of a second-order PDE, Auxx+Buxy +Cuyy +
Dux + Euy + Fu = G, we see that A = 1, B = 2 csc y, C = csc2 y, D = 0, E = 0, F = 0, and
G = 0. The characteristic equations of this PDE are given by

dy

dx
=

1

2A

(
B ±

√
B2 − 4AC

)
dy

dx
=

1

2

(
2 csc y ±

√
4 csc2 y − 4 csc2 y

)
dy

dx
= csc y =

1

sin y
.

Note that the discriminant, B2 − 4AC = 4 csc2 y − 4 csc2 y, is equal to 0 for all y, which means
that the PDE is parabolic. Therefore, there is one family of characteristic curves in the xy-plane.
Separating variables and integrating the characteristic equation, we find that

− cos y = x+ C0,

and the characteristic curves are given by

y(x) = cos−1(−x− C0).

Solving for the constant of integration (or any convenient multiple thereof),

−C0 = x+ cos y = φ(x, y).

Now we make the change of variables, ξ = φ(x, y) = x+ cos y. η can be chosen arbitrarily so long
as the Jacobian of ξ and η is nonzero. We choose η = y for simplicity. With these new variables
the PDE becomes

A∗uξξ +B∗uξη + C∗uηη +D∗uξ + E∗uη + F ∗u = G∗,

where, using the chain rule, (see page 11 of the textbook for details)

A∗ = Aξ2x +Bξxξy + Cξ2y

B∗ = 2Aξxηx +B(ξxηy + ξyηx) + 2Cξyηy

C∗ = Aη2x +Bηxηy + Cη2y

D∗ = Aξxx +Bξxy + Cξyy +Dξx + Eξy

E∗ = Aηxx +Bηxy + Cηyy +Dηx + Eηy

F ∗ = F

G∗ = G.

Plugging in the numbers and derivatives to these formulas, we find that A∗ = 0, B∗ = 0,
C∗ = csc2 y = csc2 η, D∗ = − cot y csc y = − cot η csc η, E∗ = 0, F ∗ = 0, and G∗ = 0. Thus, the
PDE simplifies to

(csc2 η)uηη − (cot η csc η)uξ = 0

1

sin2 η
uηη −

cos η

sin η

1

sin η
uξ = 0
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uηη =
cot η

csc η
uξ

uηη = (cos η)uξ.

This is the canonical form of the parabolic PDE.

This answer is in disagreement with the answer at the back of the book–there is an extra sin2 η
term on the right. I believe the book is in error.

www.stemjock.com



Debnath Nonlinear PDEs 3e: Chapter 1 - Exercise 2 Page 15 of 16

Part (h)

uxx − 5uxy + 5uyy = 0

Comparing this equation with the general form of a second-order PDE, Auxx+Buxy +Cuyy +
Dux + Euy + Fu = G, we see that A = 1, B = −5, C = 5, D = 0, E = 0, F = 0, and G = 0. The
characteristic equations of this PDE are given by

dy

dx
=

1

2A

(
B ±

√
B2 − 4AC

)
dy

dx
=

1

2

(
−5±

√
25− 20

)
dy

dx
=

1

2

(
−5±

√
5
)
.

Note that the discriminant, B2 − 4AC = 25 − 20, is equal to 5, which means that the PDE is
hyperbolic. The two families of characteristic curves, therefore, are distinct and lie in the xy-
plane. Integrating the characteristic equations, we find that

y(x) =
1

2

(
−5±

√
5
)
x+ C0.

Solving for the constant of integration (or any convenient multiple thereof),

Working with −
√
5: 2C0 = 2y +

(
5 +
√
5
)
x = φ(x, y)

Working with +
√
5: 2C0 = 2y +

(
5−
√
5
)
x = ψ(x, y).

Now we make the change of variables, ξ = φ(x, y) = 2y +
(
5 +
√
5
)
x and η = ψ(x, y) = 2y +(

5−
√
5
)
x, so that the PDE takes the simplest form. With these new variables the PDE becomes

A∗uξξ +B∗uξη + C∗uηη +D∗uξ + E∗uη + F ∗u = G∗,

where, using the chain rule, (see page 11 of the textbook for details)

A∗ = Aξ2x +Bξxξy + Cξ2y

B∗ = 2Aξxηx +B(ξxηy + ξyηx) + 2Cξyηy

C∗ = Aη2x +Bηxηy + Cη2y

D∗ = Aξxx +Bξxy + Cξyy +Dξx + Eξy

E∗ = Aηxx +Bηxy + Cηyy +Dηx + Eηy

F ∗ = F

G∗ = G.

Plugging in the numbers and derivatives to these formulas, we find that A∗ = 0, B∗ = −20, C∗ = 0,
D∗ = 0, E∗ = 0, F ∗ = 0, and G∗ = 0. Thus, the PDE simplifies to

−20uξη = 0

uξη = 0.
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This is the first canonical form of the hyperbolic PDE. If we make the additional change of
variables, α = ξ + η and β = ξ − η, then the chain rule gives uξη = uαα − uββ , uξ = uα + uβ, and
uη = uα − uβ. The PDE then becomes

uαα − uββ = 0.

This is the second canonical form of the hyperbolic PDE.
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